Multicarrier signals are know to be very prone to nonlinear effects due to their high envelope fluctuations. This makes the simulation of multicarrier systems, required for its performance evaluation and/or its optimization, very complex due to the high oversampling requirements inherent to the significant spectral widening associated to commonly used nonlinear characteristics. In this paper we present an efficient approach for the performance evaluation of multicarrier systems with nonlinear transmitters. It is shown that we can accurately simulate nonlinear effects in multicarrier signals without the need for high oversampling.
Introduction
Multicarrier signals are widely employed in digital communications. They occur naturally in FDMA (FrequencyDivision Multiplexing) and software radio systems [1] . They also include OFDM schemes (Orthogonal Frequency Division Multiplexing) [2] , selected for several broadband wireless systems such as DAB, DVB, WiFi and LTE [3, 4, 5] , DMT (Discrete Multitone) [6] , selected for the digital subscriber line, OFDMA (Orthogonal Frequency Division Multiple Access) [7] , selected for 4G systems, and FBMC (Filter Bank Multicarrier) [8] , under consideration for 5G systems. This is mainly because multicarrier schemes allow good performance in severely timedispersive channels without the need for complex receiver implementations [3, 6, 8] . To allow good performance multicarrier schemes are usually combined with appropriate channel coding schemes, namely convolutional codes, turbo codes or LDPC codes (Low Density Parity Check). Unfortunately, the analytical performance evaluation of coded multicarrier systems is too complex (actually, usually only loose performance bounds are available for most channel coding schemes). Therefore, the performance evaluation of coded multicarrier schemes usually has to be made based on long Monte Carlo simulations.
The situation is complicated by the fact that multicarrier signals have high envelope fluctuations making them very prone to nonlinear effects [9, 10, 11] , especially at the transmitter side, since linear transmitters usually have very low efficiency and/or are too complex. Since nonlinear devices can lead to significant performance degradation, we should take into account those effects when making performance evaluation of of multicarrier schemes. However, since most nonlinear devices employed in multicarrier transmission lead to significant spectral widening (e.g., the simplest and most commonly employed nonlinearity is an ideal envelope clipping that transforms a bandlimited multicarrier signal in a signal with unlimited band [10] ), this performance evaluation has to be done with very high oversampling factors, making it very complex and timeconsuming.
In this paper we present an efficient approach for simulating nonlinear effects in multicarrier signals. For this purpose, we take advantage of the Gaussian-like characteristics of multicarrier signals with a large number of carriers to characterize analytically the nonlinearly distorted signals and use this approach to model the equivalent nonlinear distortion component at the carrier level, including aliasing effects inherent to reduced oversampling effects. This model is then employed for an efficient simulation of the multicarrier system without the need of high oversampling effects. This paper is organized as follows: an overview of the main characteristics of multicarrier signals is made in sec. 2 and sec. 3 presents an analytical characterization of nonlinear effects on multicarrier signals. Sec. 4 considers the efficient simulation of clipping effects on OFDM schemes and sec. 5 presents a set o performance results. Finally, sec. 6 concludes this paper.
Multicarrier Signals
We consider a multicarrier signal with N carriers and complex envelope given by
where f k is the frequency of the kth carrier and x k (t) the corresponding signal. The most common multicarrier schemes employ linear modulations, i.e., the signal transmitted in each subchannel is a PAM signal (Pulse Ampli-tude Modulation) given by
where r k (t) is the pulse shape associated to the kth carrier, ∆ k are appropriate delays and the a (m) k are associated to the corresponding data symbols, with the symbol rate for the kth carrier given by 1/T k (we can have different data rates and different constellations for different carriers, but we assume that each constellation has zero mean).
When the signals associated to different carriers are uncorrelated the PSD (Power Spectral Density) of the multicarrier signal is
where
when the a (m) k are uncorrelated and identically distributed with zero mean, with R k (f ) denoting the Fourier transform of the pulse shape r k (t).
The corresponding autocorrelation function is
with
This is a general model that includes many multicarrier schemes such as software radio signals, OFDM, OFDMA, DMT and FBMC. For instance, for OFDM signals we have ∆ k = ∆ (common to all channels), f k = k/T , T k = T + T CP and r k (t) = r(t) rectangular with duration T + T CP , with T denoting the duration of the useful part of a given OFDM block and T CP the duration of the cyclic prefix [3] . The generalization to other multicarrier schemes is straightforward.
It is well known that when the number of carriers is high then x(t) is approximately Gaussian. If the delays ∆ k are uniformly distributed in the interval [0, T k ] then x(t) can be regarded as a realization of a stationary Gaussian process with PSD and autocorrelation given by (4) and (5), respectively. Moreover, it has zero mean and the variance of its real and imaginary parts is
The signal x(t) is then submitted to a nonlinear device that is assumed to be a bandpass memoryless nonlinearity (the common model for most bandpass power amplifiers [12] , as well as envelope clipping devices usually employed to reduce the envelope fluctuations of multicarrier signals [10] ), leading to the signal to be transmitted
where A() and Θ() denote the AM-to-AM and AM-to-PM conversion characteristics of the nonlinear device [12] . This means that the transmitted signals have complex envelope
3 Statistical Characterization of Nonlinearly Distorted Multicarrier Signals
As it was already mentioned, when the number of carriers is high x(t) can be approximately regarded a zero-mean complex Gaussian process with PSD given by (4), autocorrelation given by (5) and the variance of both real and imaginary parts of x(t) given by σ 2
In the following, we take advantage of the quasiGaussian nature of x(t) to obtain the statistical characterization of the transmitted signal y(t). It can be shown that the output can be written as the sum of two uncorrelated components, an useful one, proportional to the input, and a self-interference one [13] , i.e.,
where R = |x(t)| has a Rayleigh distribution. The average power of the useful component is P u = |α| 2 σ 2 and the average power of the nonlinear distortion component is P d = P y − P u , with
The autocorrelation of the signal at the output of the nonlinearity is a function of the autocorrelation of the signal at its input and can be computed following the approach of [10] :
with P 2γ+1 denoting the total power associated to the InterModulation Product (IMP) of order 2γ + 1. These coefficients can employ following the method of [14] , i.e.,
where L
γ (x) is a generalized Laguerre polynomial of order γ [15] .
The first IMP power is associated to the useful component and is P 1 = |α| 2 σ 2 . Moreover,
Consequently, the PSD of y(t) will be given by
, (17) with the Fourier transform denoted by F{·}. Moreover, the PSD of d(t) is associated to the IMPs with order above 1, i.e.,
Let us assume that a bandlimited multicarrier signal with rectangular PSD is submitted to a ideal envelope clipping with normalized clipping level s M /σ = 0.5. The PSD for the nonlinear distortion component d(t) will be sum of the PSD of the different odd IMP (with order above 1, since the first IMP corresponds to the useful component). Fig. 1 shows the PSD of the IMP with order 3, 5, ..., 15, as well as the PSD of the nonlinear distortion component. Clearly we have a significant number of relevant IMP, which means that the nonlinearly distorted signal will have a bandwidth much larger than the original signal.
To obtain the impact of nonlinear devices in multicarrier systems by simulation we need to sample the signals. On the other hand, many clipping techniques for reducing the envelope fluctuations of multicarrier signals operate on sampled versions of the signals. Therefore, in both cases, a high oversampling factor 1 is required to ensure that the 1 Throughout this paper we assume that the reference sampling rate is associated to the original multicarrier signals. Therefore, we have an oversampling factor of M when the sampling rate is M times the minimum sampling rate for the original multicarrier signal. fig. 2 . Clearly, the aliasing effects can be significant. However, we can still use the theoretical approach described above to obtain the PSD of the nonlinearly distorted signals, provided that the aliasing effects are accounted for in the computation of the equivalent PDSs. Moreover, the nonlinear distortion component is approximately Gaussian for each frequency [17] , which means that it can be regarded as an appropriate, in general non-white, noise that is added to the channel noise. This method for the characterization of the transmitted blocks requires that the power series in (12) and (16) have a relatively small number of relevant terms, which is not the case for most nonlinear characteristics employed in practice (e.g., an ideal envelope clipping has an infinite number of terms). Since these series have to be truncated, we need to make sure that the number IMP considered is enough. for this purpose, we can compare the total power associated to the nonlinear distortion component d(t) with the total power associated to the first γ max IMP, we can compare
where P y and P u are obtained as described above, with
In practice, it is enough to have a number of IMP similar to the adopted oversampling factor and concentrate the residual IMP power in the last IMP, as described in [16] .
Digital Clipping Techniques for OFDM Signals
Let us consider a digital envelope clipping technique usually employed for reducing the envelope fluctuations of OFDM signals [10, 11] . The transmitter structure is described in fig. 3 . The frequency-domain block to be transmitted is {S k ; k = 0, 1, . . . , N − 1}, where S k is the data symbol associated to the kth carrier. Next we add (M − 1)N/2 idle carriers to form the block {S k ; k = 0, 1, . . . , M N −1} and compute its IDFT, leading to the block of time-domain samples {s n ; n = 0, 1, . . . , M N − 1}, which is an oversampled version of the original OFDM block, with oversampling factor M . The samples s n are submitted to a nonlinear device leading to the samples
Without loss of generality, we consider an ideal envelope clipping with normalized clipping level s M /σ, which means that
with R = |s n |. The frequency-domain block associated to the nonlinearly distorted signal is {S N L k ; k = 0, 1, . . . , M N − 1} = DFT {s N L n ; n = 0, 1, . . . , M N − 1}. As an option, we can have a frequency-domain filtering to reduce the outof-band radiation levels inherent that are produced by the nonlinear. In this case, the transmitted frequency-domain signal is S
k , with the filter usually characterized by G k = 1 for the N in-band carriers and G k = 0 for the out-of-band carriers.
By following the analytical approach of sec. 3, we have s
where the distortion component d n has zero mean,
and
with R = |s n |. The autocorrelation of the distortion component can be computed as described in 3. The nonlinearly-distorted frequency-domain block {S N L k ; k = 0, 1, . . . , M N − 1} can also be decomposed into useful and nonlinear selfinterference components, i.e.,
and the same applied to
where {D k ; k = 0, 1, . . . , ; M N − 1} is the DFT of {d n ; n = 0, 1, . . . , M N − 1}. As stated above, D k is approximately Gaussian, with zero mean and E[|D k | 2 ] can easily obtained from the PSD of the nonlinear distortion component computed in the previous section (see also [10] ). This approach is accurate, provided that the number of carriers is N >> 1. For moderate values of N our theoretical approach is still valid for the out-of-band region, but the in-band PSD of the nonlinear distortion component should be corrected by a factor 1 − 1/N [17].
Performance Results
In this section, we present a set of performance results concerning the efficient simulation of the impact of an envelope clipping on OFDM signals. Instead of adopting a very high oversampling factor to accurately model the impact of nonlinear effects on the performance, we will implement the system simulator without oversampling and model the nonlinear distortion component as an appropriate Gaussian noise, characterized as described in the previous sections. We considered an OFDM signals with N = 256 carriers and a QPSK constellation on each carrier. Fig. 4 shows the theoretical and simulated PSD for OFDM signals submitted to an ideal clipping device with normalized clipping level s M /σ = 2.0. Clearly, there is a close matching between theoretical and simulated results, which is a consequence of the accuracy of our theoretical analysis.
Let us consider now the BER (Bit Error Rate) performance. The channel can be either an ideal AWGN channel (Additive White Gaussian Noise) or a typical severely time-dispersive multipath channel (i.e., highly selective in the frequency) with uncorrelated Rayleigh fading on the different multipath components. We have both uncoded and coded performance. The channel encoder is a 64-sate covolutional code with rate 1/2 or 3/4. The corresponding BER performances for conventional simulations (requiring the full implementation of the OFDM system with nonlinear effects and high overlamping factor) and simplified simulations (where nonlinear distortion effects are modeled as an appropriate Gaussian term) are depicted in figs. 5 and 6. Clearly, our simplified simulation method is very accurate. It should be pointed out that the simulation time using our method is less than 1/20 the conventional simulation time. Figure 6 . BER performance for a typical multipath channel obtained with conventional overall system simulations (lines) simplified simulations (markers). purpose, we took advantage of the Gaussian-like characteristics of multicarrier signals with a large number of carriers to characterize analytically the nonlinearly distorted signals and used this approach to model the equivalent nonlinear distortion component at the carrier level, including aliasing effects inherent to reduced oversampling effects. This model was then employed for an efficient simulation of the multicarrier system without the need of high oversampling effects. Our performance results show that our approach is very accurate and reduces significantly the simulation time.
